Abstract. We present regularity conditions for a solution to the 3D Navier-Stokes equations, the 3D Euler equations and the 2D quasigeostrophic equations, considering the vorticity directions together with the vorticity magnitude. It is found that the regularity of the vorticity direction fields is most naturally measured in terms of norms of the Triebel-Lizorkin type.
1. The generalized Navier-Stokes equations. In this section we are concerned with the following 'generalized' Navier-Stokes equations:
v(x, 0) = v 0 (x),
where v = (v 1 , v 2 , v 3 ), v j = v j (x, t), j = 1, 2, 3, is the velocity of the fluid flows, p = p(x, t) is the scalar pressure, v 0 (x) is a given initial velocity field satisfying div v 0 = 0, and ν > 0 is the viscosity constant. We write Λ α = (−∆) α 2 . We denote the system (1)- (3) by (N S) α . The case α = 2 corresponds to the usual Navier-Stokes equations, which we denote simply by (N S). Heuristically, the number α represents the 'strength of dissipation', and in this paper we are concerned with the case 0 < α ≤ 2. We note that the system (N S) α was first considered by J.-L. Lions in [26] , and the global regularity α ≥ 5 2 is shown there. Taking curl of (1) we obtain the following vorticity equation: 
The incompressibility condition (2) combined with (5) implies the Biot-Savart law,
for sufficiently rapidly decaying vorticity near infinity. After pioneering work by Leray ([25] ) there are many comprehensive papers on the existence theory of the weak solution of the (N S) equations, [24, 35, 27] . The regularity of this weak solution is known as one of the most challenging problems in the mathematical fluid mechanics. In this note we are concerned with the regularity condition of the weak solutions of (N S) α . The pioneering results for (N S) in this direction are [28, 29, 32, 23] , which state that if a weak solution
for 3 < p ≤ ∞, then v(x, t) is regular. After that there are further developments and refinements by many authors including [20, 22, 19, 31, 33] . In particular, Beirão da Veiga [3] obtained a regularity condition in terms of ∇v, which is equivalent to the one in terms of the vorticity due to the Calderón-Zygmund inequality. This states that if the vorticity ω of the weak solution v satisfies
for 3 2 < p ≤ ∞, then v becomes regular. This condition was later improved in [9] , requiring the same regularity condition only for the two components of the vorticity. On the other hand, Constantin and Fefferman discovered remarkable geometric structures of the vortex stretching term, the first one on the right hand side of (4), which leads to the following statements [13] , see also [12] . Let ξ(x, t) = ω(x, t)/|ω(x, t)| be the direction field of the vorticity, and let θ(x, y, t) be the angle between ξ(x, t) and ξ(x + y, t). If θ(x, y, t) satisfies | sin θ(x, y, t)| ≤ C|y| in the region where |ω(x, t)|, |ω(x+y, t)| > K for some large constant K, then the solution becomes regular. After that these geometric structures have been used by many authors, [14, 6, 7, 9, 4, 2, 5, 30] . For the convenience in the later discussion of our main result we describe here the results in [4] and [2] . In [4] it is proved that if
for some s ∈ [1/2, 1], r ∈ [ 
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which shows a genuine improvement of [13] . In order to handle the case s ∈ (0, 1/2] in (9) the following is proved in [2] . If
for some s ∈ (0, 1 2 ] in the region where |ω(x, t)|, |ω(x + y, t)| > K for some large constant K, then the solution becomes regular on [0, T ]. We observe here that there is an extra condition of suitable integrability of the vorticity besides the regularity condition of the direction. Before stating our main theorems below we note that all of the above regularity conditions for weak solutions can be viewed as a continuation principle for local in time strong solutions in H s (R 3 ), s > 5/2. Our first theorem can be considered as the extension of the result in [3] .
where 6 α < p ≤ ∞. Then, there is no singularity up to T . The full proof of the above theorem is in [6] . We just point out here that we use the BKM criterion [1] as the crucial continuation principle, and use the pointwise inequality for the fractional derivatives
see [17] , during our main part of the estimates.
Remark 1. The above theorem says quantitatively that for the regularity of solutions with a weaker dissipative term we need higher integrability of the vorticity. For α = 2 (11) reduces to (8) . For p = ∞, r = 1 (11) reduces to the Beale-Kato-Majda condition in [1] .
Remark 2. We observe that the system (N S) α is invariant under scaling transform
which induces the scaling for the vorticity, ω(x, t) → ω λ (x, t) = λ α ω(λx, λ α t). For this scaling transform we have the norm invariance in the case of equality in (11) as follows
In this sense we can regard the condition (11) as optimal.
For the statement of our next result we introduce a function space. Given 0 < s < 1, 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞, the function spaceḞ s p,q is defined by the seminorm 
We note that for 0 < s < 1, 2 ≤ p < ∞ and q = 2,
, t) be a solution to (N S) α , and ω(x, t) = curl v(x, t). Let ξ(x, t) be its direction field ξ(x, t) = ω(x)/|ω(x)| defined for ω(x, t) = 0. Suppose there exist s ∈ (0, 1), q ∈ (
Then, there is no singularity up to T .
The proof of the above theorem is also in [6] . We just mention here that we use special structure of the 'vortex stretching term', and apply Theorem 1 as the key ingredients of the proof.
Remark 3. Intuitively, the above theorem says that assumption of higher regularity of the direction vector field compensates the weaker assumption on the integrability of the amplitude of vorticity field.
Remark 4.
We consider the two special cases for (N S) below (α = 2 case). First, let p 2 = r 2 = 2. Then, we know that the Leray-Hopf weak solution ω satisfies
and the condition of the above theorem reduces to
Comparing this with (9), we find the natural identification of the function g(x, t) as the direction field ξ(x, t). Moreover, since we allow any finite number q in (
, not necessarily infinity, the condition (13) is a generalization of (9) .
Secondly, we observe that in the case p 1 = r 1 = ∞, and s ∈ (0, 
SinceḞ s ∞,∞ ∼ = C s , and | sin θ(x, y, t)| ≤ |ξ(x + y, t) − ξ(x, t)|, we have
. Hence, we find that (10) is a special case for q = ∞, r 2 = 2 of (14).
Finally, we note that Theorem 2 is recently localized by the author of this article and his collaborators, [10] .
The Euler equations.
In this section we are concerned with the following homogeneous incompressible Euler equations in R 3 :
The results in the previous section could not be straightforwardly extended to the inviscid case of the Euler equations, mainly due to the fact that the Riesz potential behaves badly for the L ∞ estimates. We need a different type of potential function, and based on the L ∞ estimate of this potential we extend the previous regularity criterion of the Navier-Stokes equations to the Euler equations, see [7] for a detailed proof.
Theorem 3. Let v(x, t) be the local classical solution to (15)- (17) with initial data v 0 ∈ H m (R 3 ), m > 5/2, and ω(x, t) = curl v(x, t). Then, the solution can be continued up to T < ∞ as the classical solution, namely
, r 2 , r 3 satisfying the following conditions:
and
such that for the direction field ξ(x, t), and the magnitude of vorticity |ω(x, t)| the following hold:
Remark 5. Let us consider the special case of p = ∞, q = 1. In this case the conditions (22)- (23) are satisfied if In order to understand these conditions more intuitively we formally pass to the limit s → 0 in (24) and (26), and choose r 1 = ∞ and r 2 = r 3 = 1, then we find that the conditions (24)- (25) reduce to the Beale-Kato-Majda's condition, since the condition
is obviously satisfied due to the fact that |ξ(x, t)| ≡ 1.
Remark 6. The other case of interest is q ′ = 3/s, where (22)- (23) are satisfied if
with 1/r 1 + 1/r 2 = 1. The condition (27) shows explicitly the mutual compensation between the regularity of the direction field and the integrability of the vorticity magnitude in order to control regularity/singularity of solutions of the Euler equations.
3. The quasi-geostrophic equations. Here we are concerned with the regularity of the quasi-geostrophic equation with a dissipation term.
where θ(x, t) is a scalar function representing temperature, v(x, t) is the velocity field of the fluid, κ ≥ 0 is the diffusion constant, Λ α = (−∆) α 2 , and ∇ ⊥ = (−∂ x 2 , ∂ x 1 ). See e.g. [15, 12, 27] for the instructive discussions and the physical and mathematical motivations for the study of (28)- (30) , in particular for the inviscid case κ = 0. For α > 1 the global regularity of solution of (28)-(30) is well-known (see [16] ). On the other hand, for 0 ≤ α ≤ 1, the question of global regularity/finite time singularity is still a challenging open problem, see e.g. [11, 17, 18, 16, 37, 38, 39] for related studies. In particular, the critical dissipation α = 1 case has the similar features to the 3D Navier-Stokes equations, and could be considered as its model problem. In order to see the similarities to the 3D Navier-Stokes equations with fractional powers of Laplacian more apparently we apply the operation ∇ ⊥ to (28) to obtain
Then, we observe ∇ ⊥ θ has the role of vorticity, and (29) corresponds to the Biot-Savart law for the 3D Navier-Stokes equations. In this note we are concerned with sufficient conditions to guarantee regularity of solutions of the quasi-geostrophic equations, which have been studied by many authors for case of the 3D Navier-Stokes equations. To the author's knowledge the only regularity condition available in the literature for (28) - (30) is the following one obtained by Constantin, Majda and Tabak [15] : 
where m > 2, which holds for solutions of both viscous and inviscid (κ = 0) equations. Our first theorem in this section generalizes this as follows, the proof of which is in [8] .
